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Abstract

In this paper, an efficient approximate analytical technique for solving the one-
dimensional Schrédinger equation (SE) with an attractive Gaussian potential
is developed. This technique is based on approximating the Gaussian potential
well (GPW) with the modified Poschl-Teller potential (MPTP), and on the
first- and second-order perturbation treatment of the resulting bound state en-
ergies and wave functions. In order to illustrate the excellent performance of
our technique, we compare our results with those obtained from the exact
Hamiltonian diagonalization on a finite-real basis of associated Legendre func-
tions (ALF).
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1. Introduction

The modified Poschl-Teller potential (MPTP) and the Gaussian Potential Well

(GPW) are among the potentials which are frequently discussed in the literature

[1]-[10] as examples of potentials that have bound states. Exact analytical solu-

tions of the time-independent Schrédinger equation (TISE) with the MPTP can
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be found in many written sources [1]-[3] [5].

The main purpose of this work is to develop an approximate analytical tech-
nique for bound state energies and wave functions of the one-dimensional TISE
with the GPW of the form

V (x) =V, exp(-x*/25) (1)

where V; >0 and o >0. To achieve this goal, we follow these steps:

Step 1. Model the GPW (1) with the MPTP in the TISE.

Step 2. Solve the resulting TISE to find exact eigenvalues and normalized ei-
genfunctions for all the bound states.

Step 3. Model the difference between the potential V (X) and its approxima-
tion with the so-called Pdschl-Teller Polynomial Potential (PTPP) [11], and then
use the time-independent perturbation Theory (TIPT) [12] to compute the first-
and second-order corrections to the energy levels and wave functions obtained in
step 2.

The rest of this paper is organized as follows. In section 2, we consider the ex-
actly solvable SE obtained by approximating the GPW by a MPTP, and give an-
alytical expressions of the bound state energies and normalized wave functions
of this equation. We also calculate the first- and second-order corrections to
these energies and wave functions with the aid of the TIPT. In order to facilitate
these calculations, we use the PTPP to model the perturbing Hamiltonian, ie.,
the difference between the GPW and its approximation in terms of the MPTP. In
section 3, we present and comment results for two special cases, ie., the case of
(Vo.0)=(45au.265au,) and the case of (V,,0)=(0.63a.u.,265/v2au.)
which is very interesting since the lowest two eigenvalues associated with it are -
0.4451 and -0.1400 a.u., that correspond closely to the lowest two energy levels of
the xenon atom [13]. In each case, the bound state energies and wave functions
obtained by means of our method are compared with those given by the exact
Hamiltonian diagonalization on a finite-real basis of associated Legendre func-
tions (ALF). The conclusion is given in section 4.

2. Materials and Methods

2.1. Reference and Perturbing Hamiltonians

The SE of a particle with mass m and potential V (x) given by Equation (1) can
be written as
—h—zi—v0 exp(-x*/26°) |y (%) = Ey/(x) )
2m dx?
Here, y(X) isthe wave functionand E is the energy eigenvalue.
We have to indicate that by an estimation based on the WKB method, the num-

ber of bound states supported by the potential of interest is approximated by [7]
(14] [15]

nbst =| 4oV, /27 +1/2 (3)
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where L J represents the floor function, which for positive numbers is simply
the integer part. But so far, to the best of our knowledge, exact analytical forms of
the bound state energies and wave functions of this potential have not been re-
ported. Therefore, it is of considerable interest to find a good analytical approxi-
mation for the solution of the SE (2). To achieve this, we appeal to a perturbation
procedure which yields approximate eigenfunctions as well as eigenvalues of the
SE under consideration. The perturbation approach we consider here is based on
approximating the GPW with a MPTP, i.e,,

~V, exp(—x*/26° ) ~ -V, sech? (&X/\/EJ) (4)

which suggests us to choose as reference or unperturbed Hamiltonian the opera-

tor H, given by

H :—h—zi—v sechz(o?x/«/icr) (5)
¢ 2md® °

and as perturbing Hamiltonian H, the difference between the GPW and its ap-
proximation in terms of the MPTP:

H, =-V, [exp(—xz/ZJZ)—sechz(dx/ﬁa)] (6)

It is worth noting that the symbol & that appeals in Equations (4), (5) and
(6) is an adjustable parameter. To determine this parameter, we consider the
independent variable &€ ]—OO,+OO[. We then discretize this variable in the in-
terval [0,20] and evaluate the function fg (&)= —exp(—éz) at X, =kh (for
k=12,---,p-1 where pis the number of mesh points and 4 the step size), thus
creating two p-vectors X and Y such that X, =kh and Y, = —eXp(—sz) .
Thereafter we appeal to the maple 18 software (the Fit command) to construct the
function —sech?(&¢) that best fits the above set of data points, i.e., (X,,Y,),
k=0,12,---, p—1. It is worth noting that in maple, the Fit command fits a model
function to given data by minimizing the least-square error. In the case we are
concerned with, the calling sequence is: Fit(—sech (dé)z,X,Y,f) . With the
number of digits equals 14, we found

a =1.1045570178649. (7)

Figure 1 (resp. Figure 2) shows the graph of the GPW, that of its approximation
in terms of the MPTP and that of the error in this approximation when V;=4.5
a.u. (resp.V, =0.63 auw)and o=265 au.(resp. o= 2.65/\/5 a.u.). These fig-
ures show that the GPW is in close agreement with the MPTP.

Moreover, in Figure 3, we plot the perturbing Hamiltonian H, as a function of
the coordinate xfor V; =1 a.u.and various values of the parameter o . This figure
shows that when o increases, H, (X) extends in the space, while its amplitude re-
mains constant, which means that the MPTP is in close agreement with the GPW for
a larger range of xat small values of o . It can be verified that Y, <H,(X)<y,,
where Y,,, =—0.03449339755585779 and Yo, = 0.03375328424820693 . Conse-
quently, the amplitude of H,(X) equals |y0m| when V, =1.
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Figure 1. Plot of the GPW, its approximation in terms of the MPTP and the associated
error when V; =45 au.and 0=2.65 au.
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Figure 2. Plot of the GPW, its approximation in terms of the MPTP and the associated
error when V, =0.63 au.and o=265//2 au.
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Figure 3. Perturbing Hamiltonian against the spatial coordinate x for a fixed value of
V, =1 a.u. and four different values of o .
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Because Hl(X) is directly proportional to the parameter V; (see Equation
(6)), its amplitude increases with this parameter. Consequently, only the values of
V,, for which max|H1(x)| is small, are acceptable in the framework of our ap-

X

proximation.

2.2. Solution of the Schrodinger Equation Associated with the
Reference Hamiltonian

The SE for the reference Hamiltonian H, can be written as

hZ dZ
{_%W—Vo sech? (ax) [y (0 = Ep ) (x) (®)

where
a=al2c. )

The spectrum of the Schrodinger operator H; has been studied in detail by
several authors [1]-[3] [5] [16]. The bound state eigenvalues take the form

E© :—%[(n +1/2- v +],/4)1,n —0L--,n<\o+14-12  (10)

with

L)=2mV0/(h20{2). (11)

The corresponding eigenfunctions * (x) can be written as

w¥ (x)= N, sech’ (ax) ,F,(-n.a,;c,;u(x)) (12)

where

a, =v4v+1-n, (13)
B, =Ju+1/4-1/2—n, (14)

c,=1+4,, (15)
u(x)zé(l—tanh(ax)). (16)

The normalization constants N, are obtained from the equation

400

j[ g°>(x)]2 dx =1 (17)

and can be expressed as follows [16]:

e Oz A ), (g ()
n =7 ; (1+4,), ]! 20 T(j+28,)

e (8)

x oy (-NY2+ B, +Av 41 [+ Bl By, i+ Bl
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where (a)j is the Pochhammer symbol, i.e,

(a), :a(a+1)...(a+j_1)=%, (a), =1. (19)

2.3. Approximate Solution to the Eigenvalue Problem for the
Perturbed Hamiltonian

According to the non-degenerate TIPT, the energy and wave function associated
with the SE

(o Ho ) =, o) @

can be expanded as
E =EV+EV+E? +-, (1)
o) =)+ wl )+ )+ (22)

The parameters E® and the kets l//,(‘k)> represent the kth-order corrections

n

to the eigen energies and eigenvectors respectively. The job of perturbation theory
reduces then to the calculation of ‘E,(f)>, E,(]Z)>, -+ and ‘t//,gl)>, Wr(]z)>,

In our calculations, we shall be concerned only with the determination of
Er(]l)> , ‘E£2)> and u/,(,l)> with the aid of the following formulas [12] [14]:

|ED) = (vl Hu|w), (23)
‘ O . [, @\
E£2)=k§—<%Eﬁo>_l‘;Z>> ' (24)
(0) (0)
or)-g e

Indeed, it s, in practice, very unlikely that terms of order higher than the second
one is required.

Because of the parities of the perturbing Hamiltonian H, and the wave
functions ") (x) (H, iseven and s (x) has same parity as n), it is neces-
sary to calculate only the one-dimensional definite integrals (which appear in
Equations (23), (24) and (25)) between states of the same parity. In order to facil-
itate this calculation, we model the Gaussian function —exp(—x2 / 20-2) with a

PTPP. More precisely, we write
—exp(-x*/20°) ~ i B, sech® (dx/«/ia) (26)
i-1

where @ is given by Equation (7); B,,B,,---,B, are adjustable parameters, and
K is a positive integer.

Choosing K =15, and using the maple 18 Fit function, we find:
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B, =0.04475365711493
B, = —11.4548506185058
B, = 45.772581796926

B, =177.799255220302
B, = —3847.1826537244
B, = 27513.46085554

B, =—119694.9021684

B, = 353986.505859662 (27)
B, = —740228.775404985
B,, =1108311.085537

B,, =—1182181.2620519
B,, =877597.630679932
B,, = —431009.781694957
B,, =125902.352713473
B, = —16562.2934295893

Combining Equations (26) and (6), we get

K ~
H, ~V,> B, sech?’ (o?x/\/ia) (28)
p=1
where
B,=B, +1, (29)
B =B,i=23"- K. (30)
In Figure 4, we plot the variation of H;, (X) (Equation (6)) and that of its ap-
proximation H/™® given by
H P (x) =V, z B, sech?” (ax/\/_o-) (31)

with parameters Igp, p=12,---,15 given by Equations (27), (29) and (30). Fig-

ure 5 shows the error in the approximation of H, (X) ,le.,
AH, (x)=H, (x)—H®"™(x) (32)
It is obvious from Figure 4 and Figure 5 that the approximation (28) is a good
one. H,(x) and H/™(x) seem to coincide because the difference between

them is of order of 10* and hence relatively small (see Figure 5).

By inserting expressions (28) and (12) in the definite integral

Lo = (0 [H o) = [0 GO HL () (x) o, (3)

and changing variable from xto s= %(1— tanh (ax)) , we find:

~ NN Vo ZB I 45124/ 25D g2+ 21

(34)
x(l— s)ﬁ*/2+'3"/2+’)'1 ,F (~k,a;¢,;8) ,F (~n,a,;c,;s)ds
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or
L, ~ NkN”V lzs:zk*‘é D(k'q)j‘4ﬂk/2+ﬂn/2+pSﬂk/2+ﬂn/2+p+q—1
" 2a EHET 0 (35)
x(L—s)*/ZAEPE B (Cna e is)ds
where
(=k), (a)
D(k,q)= a : (36)
and where we have used the formula
(=), (3)
F (-k,a, :c, :s)= - 9gd (37)
(o) 38
0.15 I I I :,".‘. I .,"-: I —— Hgeacl(x)
' HEPP(x)
01| i
0.05 - .
g N
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Figure 4. Variation of H,(x) given by Equation (6) and that of its approximation
HE™ ().
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Figure 5. Error in the appriximmation of H,(x),i.e. AH,(x)=H,(x)-H™"(x).
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Using the formula [17]

j[x”’1 (1-x)"",F (@, B;y;x)dx

(38)
_T(p)T(o) . .
= F(p+0') 3F2(a,ﬁ,p,}/,p+0',l)
with R(p)>0 (0')>0 and R(y+o-a—-L)>0,we get
N N ) (ﬁk/2+ﬂn/2+p+q)r(ﬂk/2+ﬁn/2+p)
plq 0 r(ﬁk+ﬁn+2p+q) (39)

.F ( na,, B /2+B,/2+p+a.c,; B + B, +2p+ql)

3. Results and Discussion

In this section, we display our calculated results for bound state energy spectra and
wave functions of the GPW for two special cases. We also compare the present
approximated analytical results with the numerical ones obtained with the aid of

N
the exact Hamiltonian diagonalization on the finite-real basis {¢n (X)}n:1 where

4,(x)= ﬁpnl(tanh(ap)) (40)

with N =500 and «,=0.01.

Table 1 and Table 2 display bound state energies for (V0 : 0) = (4.5 a.u.,2.65 a.u.)
and (V,,0)= (0.63 a.u., 2.65/ J2 a.u.) respectively. The unperturbed energies
Er(]o) are reported in the second column; those containing the first- and second-or-
der corrections are given in the third and fourth columns respectively. The numeri-
cally calculated energies E™™ are reported in the fifth column. The sixth column of
Table 2 contains bound state energies found in the literature [13] for the case in ques-

tion.

Table 1. Bound state energies for the GPW when V,=4.5 au.and =265 a.u.

n E\ Eyt Ex? EJ

0 -4.07908569  -4.11227291  -4.11310904  —4.11314578
1 -328069056  -3.36615408  -3.36728309  —3.36731836
2 -2.56916237  -2.67868115  -2.67857501  -2.67869614
3 -1.94450111  -2.05060646  -2.05014342  —2.05052361
4 -1.40670681 148478317  -148667821  —148693546
5 —0.95577944  -0.98735695  -0.99342876  —0.99344742
6 -0.59171902  -0.56926702  -0.57426308  —0.57792785
7 -031452553 024748341  -0.24344728  —0.25289171
8 -0.12419899  -0.04375458  -0.03613349  —0.04298442
9 -0.02073939
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Table 2. Bound state energies for the GPW when V,=0.63 a.u.and o= 2.65/x/§ a.u.

n EL EC? E0-? E dieo gL

0  —0.43549936  —0.44503798  —0.44503987  —0.44508672  —0.4451

1 —0.13336503  —0.13945174  —0.13945174  —0.14003911  —0.1400

2 -0.00496458  0.00176421  0.00176611  —0.00013920 —1.39 x 10~

The two tables show good consistency between E’™ and E’ in one hand
and E'™ in the other one for almost all the bound states. For energies near 0
a.u., one can notice significant differences between our results and the numerically
calculated ones, which means that our method is not appropriate for highly ex-
cited bound states. Moreover, it is remarkable from Table 2 that the numerical
results are better than ours. But, despite this, our method must not be neglected
because it allows to obtain easily good energies and wave functions for the ground
state and the first excited states.

In Figures 6-8, we show the bound state wave functions plotted against x for
the two methods mentioned above. As expected, the wave functions ) (x) ob-
tained by our method are in close agreement with those associated with the other

method for the majority of bound states (those that are not highly excited).

0.8 ; ‘
— W) (0)
0.6 — -y | 04l
wE9(x)
0.4
— i)
— 0 0.2
2 02 I | e
S -- o) | |2
< 2
S o 2 0
[0} (0]
S 42 g
=0 02
04 1
,04 L
06 g
0.8 L L L . . .
-10 5 0 5 10 -10 -5 0 5 10
X (a.u.) X (a.u.)

Figure 6. Wave functions for the four first bound states when V, =45 au.and 0=2.65 au.(a) w,(x) and w;(x); (b) w,(x)

and y;(x).

4. Conclusions

The object of this paper has been to establish approximate analytical expressions
of bound state energies and wave functions for the one-dimensional SE with the
GPW. To achieve this goal, we have introduced an approximation scheme to the
GPW based on the use of the MPTP and then applied the TIPT to the exact ana-

lytical solutions (eigenvalues and eigenfunctions) associated with the SE for the
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MPTP. The comparison of our approximated analytical results with those ob-

tained numerically by means of the exact Hamiltonian diagonalization led us to

the following conclusions:

¢ Our approximation scheme to the GPW yields fairly good energies and wave
functions for the majority of bound states (those that are not highly excited).

e The first- and second-order corrections, Ze., Er(,l) and Er(]z) , provide signif-
icant improvement in the accuracy of the energy for almost all the bound
states.

e For the last bound state or the last two bound states, E’™  can be better than
EY?, and w2 (X) can be better than . "(X) where the notation EJ’
(resp. l//r?fj (X)) refers to the nth energy (resp. wave function) calculated to

the jth-order (resp. the (j + 1) th-order) of perturbation theory.

T
T T T

— yP(x) (b) — y(x)
= e ||
w§ao(x)

Wave functions

X (a.u.)

Figure 7. Wave functions for the fifth and sixth bound states when V;=4.5 au.and o=265 a.u.(a) w,(x); () w(x).
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Figure 8. Bound state wave functions plotted against x for o =2.65/+/2 a.u. and V,=0.63 a.u. (a) wo(x) and w,(x); (b)

v, (X).
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